MATH 5321 Exam| February 18, 2005

Answer the problems on separate paper. Y ou do not need to rewrite the problem statements on your
answer sheets. Work carefully. Do your own work. Show all relevant supporting steps!

1. (12pts)  Givethedefinition for each of the following:

a A st K isconvex if ...
b. A region G issmply connected if . ..
C. A function f hasanisolated Sngularity at z=a if ...

2. (20pts)  State and prove Morera’s Theorem.

3. (28 pts) Identify each of the isolated singularities for each of the following functions. Determine
whether the singularities are removable singularities, poles or essentid singularities. If
the sngularity is removable, determine what value the function should be assgned & the
singularity to andyticaly extend the function a the angularity. If the singularity isapole,
determine the order of the pole and, if the pole occurs at z = 0, then determine the
singular part of the function a 0. If the Sngularity is an essentid singularity, determine
the resdue of the function at the Sngularity.

Z+1
100 f(z)=——— b.(6) f(z)=z3¢"
a (10) f(2) Zz+]) 6 f(z2)=z
COSZ sin(3z) 3
c. (6) f(z)=22+1+42 d.@© f(2)= 2(2 )-E

4. (20pts)  Consider theregion G = ann(0;0,2). Consider thefunction f (Zz) = Ewhid1 is
Z

andyticon G. Consder theset S={z: |2 =1} whichisacompact subset of G.
Show that it is not possible to find a sequence of polynomias{p,} such that

{p,} ® fons

uniformly

(Consider using a proof by contradiction, i.e., suppose that there existed a sequence of
polynomias{p,} suchthat { p,} ® f onS Proceed from that suppositionto a

uniformly

contradiction.)



5. (21 ptg)

Classfy each of the following regions a to whether they are convex or not convex,
starlike (with respect to some point al G ) or not starlike (with respect to any point
al G), smply connected or not smply connected.

Notation: [a,b] denotes the (closed) straight line segment between a and b.

Use the table on the next page to report your answers

a G, = B(O,1)\[- %,%] b. G, =B(0,)\[- 1,- ¥]
C. G. = B(0,1)\[- 1 ] d. G, = B(O,)\[i, %]
_— 1+i 1
e G,=B(O,1\B(- %.%) f. G =BO\B(,~7)
1+i 1
g G, = B(0,)\ B(T’E) h. G, =B(0,1) C B(2,2)

i. G =B(01)\{B(-1+i,1)E B(- 1- i,1)}

j. G, =B(0,1) \ {B(- 1+i,3%)E B(-1- i,%)}
k. G, =B(0,1)\H, where H, ={z:Rez£- %}

. G =B(0,1)\H, where H, ={z:Rez3 - 3}

2 2
m. Gm: B(O,l)\Hm where Hm :{sz+iy:x_+y_3 1}
(a) 4

X2 y2
n. G,=B(O)\H, where H ={z=x+iy:—-—31
(2) 4



Name (Return this sheet with your other problems)
Convex Starlike Smply Convex Starlike Smply
Connected Connected

G, Gn
Gb i

G, i

Gy Gy
Ge GI

G Gn
G, G,




