Review Exam ||
Complex Andysis

Underlined Propositions or Theorems: Proofs May Be Asked for on Exam
Chapter 3.1
Infinite Series

Definition: Convergence
Definition: Absolute Convergence

Proposition 1.1 Absolute Convergence implies Convergence

Examples of series which converge, converge absolutely, converge but do not converge absolutely
Problems about series which converge, converge absolutely, converge but do not converge absolutely

Limit Inferior & Limit Superior
Definition
Examplesof liminf, limsupforwhich -¥ £ liminf a £¥ , -¥ £limsup a, £ ¥

Problems about liminf, lim sup for which -¥ £ liminf a £¥ , -¥ £limsup a, £ ¥

Power Series

Geometric Series

¥
Theorem 1.1 For é azle % =limsup|a, |%. Then, properties (a), (b) & (C).

n=0

¥
Proposition 1.4 Ratio test: For g az", R=lim|a, /a,,, |,if thelimit exiss
n=0

Examples of power series with radius of convergence, R, O£ R £ ¥
Problems about determining for power seriesthe radius of convergence, R

Propositions on Absolute Convergence

A) Sum & Cauchy Product of Absolutely Convergent Seriesis Again Absolutely Convergent

B) Radius of Convergence for the Sum/Cauchy Product of Power Seriesisat Least the minimum of
the Radii of Convergence of the Summands/Multiplicands

C) Absolutely Convergent Series can be Rearranged

Assume the following convention throughout the remainder of these notes, unless otherwise pecified:
G = region (open, connected subset of C); f,g:G®C



Chapter 3.2
Differentiability and Andyticity
Definition of differentigbility of f a apointin G

Definition of differentiability of f on G
Definition of continuous differentiability of f on G

Definition of andyticity of f a apointin G
Definition of andyticity of f on G

Conway: andyticity of fon G © continuous differentiability of fon G

Definition: A(G)
Definition: st of entire functions= A(C)

PropositionIf f isdifferentisblea al G, then f iscontinuousa a

PropositionLet f,gl AG)adleal C,thena f,f +g,f - g, fgl AG)ad
flgl AG\Z,)

PropositionLeta I Candlet f(2)°a, g(2)° z. Then, f,gT A(C).

Corollary Let f beapolynomid andlet g = P bearaiond function. Then, f T A(C) and
q

gl A(C\Z,).

¥
Proposition 25 Let f (2) = é a. (z- z,)" haveradiusof convergenceR=R >0
n=0

¥
a) Then, g(2) = é na,(z- z)" "hesradiusof convergenceR ® R; (Actualy equd)

n=1
b) fT ABZR)ad f'=g

¥
¢) fisinfinitely differenticbleon B(z,,R) and f®)(2) = q
n=k (n - k)l

an( Z- zo)n-k

1 :am
B 3, =—17(z)

Proposition2.10Let T A(G). If f'° QonG,then f iscongtant on G.




Complex Exponential Function

Definition €’
Differentizhiltiy (ez
e

=

N

Properties W =gg, @10, |e|=€e™, & =cist (fort red), Periodicity,
e =e"Y =e'e” b |e’|=e*, age’ =y, Euler's Equation,

e’ =1iffz=2pki for someinteger k
Complex Trig Functions
Definition cog(z), Sn(2)
Differenticbility (cosz)'=-sinz, (sinz)' =cosz
Properties Pythagorean Theorem, Addition Formulas, Representation Formulas between Complex

Exponentia and Complex Trig, Periodicity, Zeros
Other Trig Functionstan z, sec z, cot z, csc z

Complex Hyperbalic Trig Functions

Definition cosh(2), Snh(2)
Diffemtiahility (cosh z)'=sinh z, (sinhz)'=coshz
Properties Pythagorean Theorem, Addition Formulas, Representation Formulas  between Complex

Exponentia and Complex Hyperbolic Trig, Representation Formulas between Complex Trig
and Complex Hyperbolic Trig

Complex Logarithm

Definition of abranch of logzon G
Implicationthat 01 G

Propogition 2.19 Totdity of branches of log z on aregion G

Definition of principd branch of logzon C \ (- ¥,0]
logz=log|z|+iArg z where - p <Arg z<p

Proposition 220 Differentiability of a continuous inverse
Diffenticbility (logz)"'= 1 (for any branch of log 2)
yA
Complex Powers

Definiion z° = exp(blog z) viaprincipal branch of log z
Differentiztility (2°)'=b 2"



Cauchy-Riemann Equetions

Let f = u+iv. Then, f1 A(G) iff thepatids u,,u,, V,, v, eistand are continuouson G and
u =v

“ 7 onG.
Vv, =- U,

—_— — —

Proposition Let f = u+iv. Let fT A(G). Then, uandv are harmonic on G.
Definition: Harmonic Conjugate
Proposition log x* + y?isharmonicon C \{ 0} but does not have a harmonic conjugate on C \{ 0}

Proposition 2.30 Let G beadisk or the entire complex plane. If uisharmonic on G, then u has aharmonic
conjugateon G

Mapping Properties of Standard Functions

e :G® C whereGisaredtangleof thefom G ={z=x +iy:a<x<b,c<y <d}
Ex1 G={z:Imz|<p} Ex3 G={z:0<Imz<p}
Ex2 G ={z:|Imz|<r4} Ex4 G={z:0<Imz<¥j}

z":G® C whereGisasector of thefom G ={z=r€9 :a<r <b, c<q <d}
Ex1l n=23,4,... and G isthefirg quadrant
Ex2 n=23,4,... and G isthe upper hdf-plane
Ex3 n=23,4,... and G istheright hdf-plane
Ex4 n=234,... andGisB(O,R C first quadrant

sinz:G® C whereG isthebasehdf-gripforsnzie, G={z:|Rezkk?, and Imz> (0}

logz:G® C whereG isasubsetof C \ (- ¥,0] , specificaly where G is a sector of the form
G={z=rd":a<r <b, c<q<d}

Ex 1. G isthefirg quadrant Ex4 GisB(0,R C first quadrant

Ex 2 G isthe upper hdf-plane Ex5 GisC\ (- ¥,0]

Ex 3. G istheright hdf-plane

7/:G® C whereGisasectorof thefom G ={z=re":a<r<b, c<q <d}
ExL n=23,4,... and G isthefirs quadrant
Ex2 n=23,4,... and G isthe upper hdf-plane
Ex3 n=23,4,... and G istheright hdf-plane
Ex4 n=234,... andGisB(O,R C first quadrant
Ex5 Gis C\ (- ¥,0]



Conformdlity

Definition: path, smooth path, piece-wise smooth path
Definition: tangent direction to smooth path g a point z= g(t)where g '(t) * O

Definition: angle between two smooth peths at apoint z, =g, (t,) =g, (t,) where
gl '(tl) 1 0’ g2 l(tZ) ! O

Theorem34 Let f1 A(G)adlet ZOT G.If f'(z,)* O,thenf “preservesangles’ for any smooth

~

pahs g, , 9,1 Gsuchtha 7z, =g,(t)) =g,(t,)and g,'(t) * 0, g,'(t;)* O
Definition: Conformdlity
Chapter 3.3

Bi-Linear, Linear Fractiond, Moebius Transformations

Definition S(z) = az+b’ ad-bct O
cz+d
Differentiability S'(Z) = Lbcz
(cz+d)
Properties S:C,® C,.S is1-1, Sisonto, pole of Sis-d/c, zero of Sis-b/a
T(2)=S*(2) =- dz+b_ dz-b , Sconformd on C \ {- d / ¢}, Fixed Points,

Cz-a -Cata
Uniqueness

Specid Cases: Trandations, Dilations, Rotations, Inversion
Every Bi-Linear Transformation can be written as a compostion of Trandations, Dilations, Rotetions, and the
Inversion

Mapping Properties of Specid Cases. “Circles’ to “ Circles’
Geometry of Images



